
Problems in curvilinear
coordinates

Lecture Notes by Dr K M Udayanandan

Cylindrical coordinates

1. Show that
∂ρ̂

∂φ
= φ̂,

∂φ̂

∂φ
= −ρ̂

and that all other first derivatives of the circular cylindrical unit vectors
with respect to the circular cylindrical coordinates vanish.
Answer
We’ve

ρ̂ = x̂ cosφ+ ŷ sinφ

φ̂ = −x̂ sinφ+ ŷ cosφ

ẑ = ẑ

∴
∂ρ̂

∂ρ
= 0,

∂ρ̂

∂φ
= −x̂ sinφ+ ŷ cosφ = φ̂,

∂ρ̂

∂z
= 0

∂φ̂

∂ρ
= 0,

∂φ̂

∂φ
= −x̂ cosφ− ŷ sinφ

= −(x̂ cosφ+ ŷ sinφ)

= −ρ̂
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∂φ̂

∂z
= 0

∂ẑ

∂ρ
= 0,

∂ẑ

∂φ
= 0,

∂ẑ

∂z
= 0

2. Show that r̂ = ρ̂ρ + zẑ. Working entirely in circular cylindrical co-
ordinates, show that ∇.~r = 3 and ∇× ~r = 0.
Answer
From figure

~r = ~OP

So we’ve
~r = ρρ̂+ zẑ

∇.~r

~r = ρρ̂+ zẑ

Vρ = ρ1Vφ = 0, Vz = z

∇.~V =
1

ρ

[
∂

∂ρ
(Vρρ) +

∂

∂φ
(Vφ) +

∂

∂z
(Vzρ)

]
=

1

ρ

[
∂

∂ρ
(ρ.ρ) +

∂

∂φ
(0) +

∂

∂z
(zρ)

]
=

1

ρ

[
∂

∂ρ

(
ρ2
)

+ ρ
∂z

∂z

]
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=
1

ρ
(2ρ+×1) = 3

∇× ~r =
1

ρ

∣∣∣∣∣∣
ρ̂ ρφ̂ ẑ
∂
∂ρ

∂
∂φ

∂
∂z

ρ 0 z

∣∣∣∣∣∣
=

1

ρ
[0] = 0

3. In right circular cylindrical coordinates a particular vector function is
given by ~V (ρ, φ) = ρ̂Vρ(ρ, φ) + φ̂Vφ(ρ, φ). Show that∇× ~V has only a
z component.
Answer

∇× ~V =
1

ρ

∣∣∣∣∣∣
ρ̂ ρφ̂ ẑ
∂
∂ρ

∂
∂φ

∂
∂z

Vρ(ρ, φ) ρVφ(ρ, φ) 0

∣∣∣∣∣∣
=

1

ρ

[
ρ̂(0) + ρφ̂(0) + ẑ

(
∂

∂ρ
(ρVφ(ρ, φ))− ∂Vρ(ρ, φ)

∂φ

)]
=

1

ρ
ẑ

[
∂

∂ρ
(ρ, Vρ(ρ, φ))− ∂Vρ(ρ, φ)

∂φ

]
Thus ∇× ~V has only z component.

4. A rigid body is rotating about a fixed axis with a constant angular ve-
locity ~ω. Take ~ω to lie along the z axis. Express ~r in circular cylindrical
coordinates and using circular cylindrical co-ordinates. (a) Calculate
~V = ~ω × ~r (b) Calculate ∇× ~V
Answer
We’ve

~ω = ωẑ

and

~r = ρρ̂+ zẑ

(a)

~ω × ~r =

∣∣∣∣∣∣
ρ̂ φ̂ ẑ
0 0 ω
ρ 0 z

∣∣∣∣∣∣
= ρωφ̂
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(b)

∇× ~V =
1

ρ

∣∣∣∣∣∣
ρ̂ ρφ̂ ẑ
∂
∂ρ

∂
∂φ

∂
∂z

0 ρρω 0

∣∣∣∣∣∣
=

1

ρ

[
ρ̂(0) + ρφ̂(0) + ẑ(zρω)

]
=
zρω

ρ
ẑ

= zωẑ

5. A particle is moving though space. Find the circular cylindrical com-
ponents of its velocity and acceleration.

Vρ = ρ̇

aρ = ρ̈− ρφ̇2

Vφ = ρφ̇

aφ = ρφ̈+ zρ̇φ̇

Vz = ż

az = z̈

We’ve
~r(t) = ρ̂(t)ρ(t) + ẑz(t)

= [x̂ cosφ(t) + ŷ sinφ(t)] ρ(t) + żz(t)

d~r

dt
= x̂ cosφ(t)ρ̇+ŷ sinφ(t)ρ̇+ρ(t)(−x̂ sinφ(t))φ̇+ρ(t)(ŷ cosφ(t))φ̇+ẑż

= ρ̇ [x̂ cosφ+ ŷ sinφ] + ρ(t)φ̇ [−x̂ sinφ+ ŷ cosφ] + żẑ

= ρ̇ρ̂+ ρφ̇φ̂+ żẑ

Vρ = ρ̇ , Vφ = ρφ̇ , Vz = ż

d2~r

dt2
=

d

dt

[
(ρ̇ cosφx̂+ ρ̇ sinφŷ) +

(
ρφ̇(− sinφ)x̂+ ρφ̇ cosφŷ

)
+ żẑ

]
= ρ̈ cosφx̂+ρ̈ sinφŷ+ρ̇(− sinφ)x̂φ̇+ρ̇ cosφŷφ̇+ρ̇φ̇(− sinφ)x̂+ρ̇φ̇ cosφŷ

+ρφ̈(− sinφ)x̂+ ρφ̈ cosφŷ + ρφ̇2(− cosφ)x̂ρφ̇2(− sinφ)ŷ + z̈ẑ

= ρ̈ (cosφx̂+ sinφŷ) + ρ̇φ̇ (− sinφx̂+ cosφŷ) + ρ̇φ̇ (− sinφx̂+ cosφŷ)

+ρφ̈ (− sinφx̂+ cosφŷ) +−ρφ̇2 (cosφx̂+ sinφŷ) + z̈ẑ
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(ρ̈− ρφ̇2)(cosφx̂+ sinφŷ) + (2ρ̇φ̇+ ρφ̈)(− sinφx̂+ cosφŷ) + z̈ẑ

= (ρ̈− ρφ̇2)ρ̂+ (ρφ̈+ 2ρ̇φ̇)φ̂+ z̈ẑ

aρ = ρ̈− ρφ̇2 , aφ = ρφ̈+ 2ρ̇φ̇ , az = z̈

6. Solve Laplace’s equation ∇2ψ = 0 in cylindrical coordinates for ψ =
ψ(ρ).
Answer
We’ve

∇2ψ =
1

ρ

∂

∂ρ

(
ρ
∂ψ

∂ρ

)
+

1

ρ2
∂2ψ

∂φ2
+
∂2ψ

∂z2

We’ve Laplace equation ∇2ψ = 0

ψ = ψ(ρ)

1

ρ

∂

∂ρ

(
ρ
∂ψ

∂ρ

)
= 0

ie,
∂

∂ρ

(
ρ
∂ψ

∂ρ

)
= 0

ρ
∂ψ

∂ρ
= constant = k

∂ψ = k
∂ρ

ρ

ψ =

∫
k
∂ρ

ρ

= k (log ρ+ log c)

ifψ = 0 ,⇒ log c = − log ρ0

ψ = k(log ρ− log ρ0)

ψ = k log
ρ

ρ0

7. A conducting wire along the z axis carries a current I. The resulting
magnetic vector potential is given by

~A = ẑ
µI

2π
ln

(
1

ρ

)
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Show that the magnetic induction ~B is given by

~B = φ̂
µI

2πρ

Answer

~B = ∇× ~A =
1

ρ

∣∣∣∣∣∣∣
ρ̂ ρφ̂ ẑ
∂
∂ρ

∂
∂φ

∂
∂z

0 0 µI
2π

ln
(

1
ρ

)
∣∣∣∣∣∣∣

=
1

ρ

[
ρ̂(0) + ρφ̂

(
0− µI

2π
ρ ln

(
1

ρ

))
+ ẑ(0)

]
=

1

ρ

[
µI

2π
φ̂

]
=

µI

2πρ
φ̂

8. A force is described by

~F = −x̂ y

x2 + y2
+ ŷ

x

x2 + y2

(a) Express ~F in circular cylindrical coordinates operating entirely in
circular cylindrical coordinates for (b).

(b) Calculate the curl of ~F
Answer
We’ve

x̂ = ρ̂ cosφ− φ̂ sinφ

ŷ = ρ̂ sinφ+ φ̂ cosφ

ẑ = ẑ

Then
~F = −x̂ y

x2 + y2
+ ŷ

x

x2 + y2

= (−ρ̂ cosφ+ φ̂ sinφ)
ρ sinφ

ρ2
+ (ρ̂ sinφ+ φ̂ cosφ)

ρ cosφ

ρ2

=
1

ρ

[
−ρ̂ sinφ cosφ+ φ̂ sin2 φ+ ρ̂ sinφ cosφ+ φ̂ cos2 φ

]
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~F =
1

ρ
φ̂ =

φ̂

ρ

(b)

∇× ~F =
1

ρ

∣∣∣∣∣∣
ρ̂ ρφ̂ ẑ

frac∂∂ρ ∂
∂φ

∂
∂z

0 ρ1
ρ

0

∣∣∣∣∣∣
=

1

ρ

[
ρ̂(0) + ρφ̂(0) + ẑ(0)

]
= 0

9. A calculation of the magneto-hydronamic pinch effect involves the eval-
uation of ( ~B.∇) ~B). If the magnetic induction ~B is taken to be ~B =
φ̂Bφ(ρ) Show that

( ~B.∇) ~B = −ρ̂
B2
φ

ρ

Answer

∇ ≡ ρ̂
∂

∂ρ
+ φ̂

1

ρ

∂

∂φ
+ ẑ

∂

∂z

~B = φ̂Bφ(ρ)

~B.∇ =
Bφ(ρ)

ρ

∂

∂φ

( ~B.∇) ~B) =

(
Bφ(ρ)

ρ

∂

∂φ

)(
φ̂Bφ(ρ)

)
=
B2
φ(ρ)

ρ

∂

∂φ
φ̂

=
B2
φ(ρ)

ρ

∂

∂φ
(− sinφx̂+ cosφŷ)

=
B2
φ(ρ)

ρ
(− (cosφx̂+ sinφŷ))

=
B2
φ(ρ)

ρ
(−ρ̂)

= −ρ̂
B2
φ

ρ
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Spherical polar coordinates

1. A rigid body is rotating about a fixed axis with a constant velocity ω.
Take ω to be along the z axis. Using spherical polar coordinates
a) Calculate ~V = ~ω × ~r
b) Calculate ∇× ~r
We’ve

~r = r sin θ cosφx̂+ r sin θ sinφŷ + r cos θẑ

ω = ωẑ

Then

~V = ~ω × ~r =

∣∣∣∣∣∣
x̂ ŷ ẑ
0 0 0

r sin θ cosφ r sin θ sinφ cos θ

∣∣∣∣∣∣
= x̂(−rω sin θ sinφ) + ŷ(rω sin θ cosφ)

= rω sin θ(− sinφx̂+ cosφŷ) = rω sin θφ̂

b)

∇× ~V =
1

r2 sin θ

∣∣∣∣∣∣
r̂ rθ̂ r sin θφ̂
∂
∂r

∂
∂θ

∂
∂φ

0 0 r sin θ rω sin θ

∣∣∣∣∣∣
=

1

r2 sin θ

[
r̂(2r2ω sin θ cos θ) + rθ̂(−2rω sin2 θ) + r sin θφ̂(0)

]
=

1

r2 sin θ

[
r2 sin θ(2ω cos θr̂ − 2ω sin θθ̂)

]
= 2ω(cos θr̂ − sin θθ̂)

= 2ωẑ

2. With ~A ,any vector
( ~A.∇)r = ~A

a)Verify this result in Cartesian coordinates.
b)Verify this result using spherical polar coordinates.
Answer
a)

~A = Axî+ Ay ĵ + Azk̂

~A.∇ = Ax
∂

∂x
+ Ay

∂

∂y
+ Az

∂

∂z
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( ~A.∇)~r =

(
Ax

∂

∂x
+ Ay

∂

∂y
+ Az

∂

∂z

)
(xî+ yĵ + zk̂)

= Axî+ Ay ĵ + Azk̂ = ~A

b)
~A = r̂Ar + θ̂Aθ + φ̂Aφ

∇ ≡ r̂
∂

∂r
+ θ̂

1

r

∂

∂θ
+ φ̂

1

r sin θ

∂

∂φ

~A.∇ = Ar
∂

∂r
+ Aθ

1

r

∂

∂θ
+ Aφ

1

r sin θ

∂

∂φ

( ~A.∇)~r =

(
Ar

∂

∂r
+ Aθ

1

r

∂

∂θ
+ Aφ

1

r sin θ

∂

∂φ

)
. rr̂

=

(
Ar

∂

∂r
+ Aθ

1

r

∂

∂θ
+ Aφ

1

r sin θ

∂

∂φ

)
(r sin θ cosφx̂+ r sin θ sinφŷ + cos θẑ)

= Ar(sin θ cosφx̂+sin θ sinφŷ+cos θẑ)+Aθ(cos θ cosφx̂+cos θ sinφŷ−sin θẑ)+

Aφ
1

sin θ
(− sin θ sinφx̂+ sin θ cosφŷ)

= Arr̂ + Aθθ̂ + Aφφ̂ = ~A

3. From the above problem show that

−i
(
x
∂

∂y
− y ∂

∂x

)
= −i ∂

∂φ

This is the quantum mechanical operator corresponding to the z com-
ponent of orbital angular momentum.
Answer

We’ve
∂

∂x
= sin θ cosφ

∂

∂r
+ cos θ cosφ

1

r

∂

∂θ
− sinφ

r sin θ

∂

∂φ

∂

∂y
= sin θ sinφ

∂

∂r
+ cos θ sinφ

1

r

∂

∂θ
+

cos θ

r sin θ

∂

∂φ

∂

∂z
= cos θ

∂

∂r
− sin θ

r

∂

∂θ

then

−i
(
x
∂

∂y
− y ∂

∂x

)
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= −i
[
r sin θ cosφ

(
sin θ sinφ

∂

∂r
+ cos θ sinφ

1

r

∂

∂θ
+

cos θ

r sin θ

∂

∂φ

)
− r sin θ sinφ

(
sin θ cosφ

∂

∂r
+ cos θ cosφ

1

r

∂

∂θ
− sinφ

r sin θ

∂

∂φ

)]
= −i

[
r sin2 θ sinφ cosφ

∂

∂r
+ r sin θ cos θ sinφ cosφ

1

r

∂

∂θ
+ cos2 φ

∂

∂φ
− r sin2 θ sinφ cosφ

∂

∂r
− r sin θ cos θ sinφ cosφ

∂

∂θ
+

sin2 φ

1

∂

∂φ

]
= −i ∂

∂φ

4. Show that the following three forms (spherical co-ordinates) of ∇2ψ(r)
are equivalent.

(a) 1
r2

d
dr

[
r2

dψ(r)

dr

]
(b) 1

r
d2

dr2

[
rψ(r)

]
(c)

d2ψ(r)

dr2
+ 2

r

dψ(r)

dr

Answer

(a)
1

r2
d

dr

[
r2
dψ(r)

dr

]
=

1

r2

[
2r
dψ

dr
+ r2

d2ψ

dr2

]
=
d2ψ(r)

dr2
+

2

r

dψ(r)

dr

(b)
1

r

d2

dr2
[
rψ(r)

]
=

1

r

d

dr

[
d

dr

(
rψ(r)

)]
=

1

r

d

dr

[
r
dψ

dr
+ ψ

]
=

1

r

[
r
d2ψ

dr2
+
dψ

dr
+
dψ

dr

]
=

1

r

[
r
d2ψ

dr2
+ 2

dψ

dr

]
=
d2ψ

dr2
+

2

r

dψ

dr

5. Find the spherical coordinate components of the velocity and acceler-
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ation of a moving particle.
Answer
We’ve

x(t) = r̂(t) r(t)

= [x̂ sin θ(t) cosφ(t) + ŷ sin θ(t) sinφ(t) + ẑ cos θ(t)] r(t)

d~r

dt
= ṙ sin θ cosφx̂+r cos θ cosφθ̇ŷ+r sin θ cosφφ̇ŷ+ ṙ cos θẑ−r sin θθ̇ẑ

= ṙ(sin θ cosφx̂+ sin θ sinφhaty + cos θż)

+rθ̇(cos θ cosφx̂+ cos θ sinφŷ − sin θẑ) + φ̇r sin θ(− sinφx̂+ cosφŷ)

= ṙr̂ + rθ̇θ̂ + r sin θφ̇φ̂

Vr = ṙ , Vθ = rθ̇ , Vφ = r sin θφ̇

d2r

dt2
= r̈r̂+ṙ

dr̂

dt
+ṙθ̇θ̂+rθ̈θ̂+rθ̇

dθ̂

dt
+ṙ sin θφ̇φ̂+r cos θθ̇φ̇φ̂+r sin θφ̈φ̂+r sin θφ̇

dφ̂

dt

= r̈r̂ + ṙ
d

dt
(sin θ cosφx̂+ sin θ sinφŷ + cos θẑ) + ṙθ̇θ̂ + rθ̈θ̂+

rθ̇
d

dt
(cos θ cosφx̂+ cos θ sinφŷ − sin θẑ) + ṙ sin θφ̇φ̂+ r cos θθ̇φ̇φ̂+

r sin θφ̈φ̂+ r sin θ
d

dt
(−sinφx̂+ cosφŷ)

= r̈r̂+ṙ
[
cos θ cosφx̂θ̇ − sin θ sinφx̂φ̇+ cos θ sinφŷθ̇ + sin θ cosφφ̇ŷ − sin θẑθ̇

]
+

ṙθ̇θ̂+rrθ̈θ̂+rθ̇
[
− sin θ cosφx̂θ̇ − cos θ sinφφ̇x̂− sin θ sinφθ̇ŷ + cos θ cosφφ̇ŷ − cos θθ̇ẑ

]
+

ṙ sin θφ̇φ̂+ r cos θθ̇φ̇φ̂+ r sin θφ̈φ̂+ r sin θφ̇(− cosφφ̇x̂− sinφφ̇ŷ)

= r̈r̂ + ṙθ̇θ̂ + ṙφ̇(− sin θ sinφx̂+ sin θ cosφŷ) + ṙθ̇θ̂ + rθ̈θ̂ − rθ̇2r̂+

rθ̇φ̇(− cos θ sinφx̂+ cos θ cosφŷ) + ṙ sin θφ̇φ̂+ r cos θφ̇φ̂+

r sin θφ̈φ̂− r sin θ cosφφ̇2x̂− r sin θ sinφφ̇2ŷ

= r̈r̂ − rθ̇2r̂ + 2ṙθ̇θ̂ + rθ̈θ̂ + θ̇φ̇ sin θφ̂) + rθ̇φ̇ cos θφ̂+ ṙφ̇ sin θφ̂+

rθ̇φ̇ cos θφ̂+ r sin θφ̈φ̂
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= (r̈ − rθ̇2 − r sin2 θφ̇2)r̂ + (rθ̈ + 2ṙθ̇ − r sin θ cos θφ̇2)θ̂+

(r sin θφ̈+ 2ṙ sin θφ̇+ 2r cos θθ̇φ̇)φ̂

6. A magnetic vector potential is given by

A =
µ0

4π

~m× ~r
r3

Show that this leads to the magnetic induction ~B of a point magnetic
dipole with dipole moment ~m. Answer

~r = r sin θ cosφx̂+ r sin θ sinφŷ + r cos θẑ

~m× ~r =

∣∣∣∣∣∣
x̂ ŷ ẑ
0 0 m

r sin θ cosφ r sin θ sinφ r cos θ

∣∣∣∣∣∣
= x̂(−mr sin θ sinφ) + ŷ(mr sin θ cosφ)

= −mr sin θ sinφx̂+mr sin θ cosφŷ

~A =
µ0

4π
~m× ~r

=
µ0

4πr3
[−mr sin θ sinφx̂+mr sin θ cosφŷ]

µ0m sin θ

4πr2
φ̂

~B = ∇× ~A =
1

r2 sin θ

∣∣∣∣∣∣
r̂ rθ̂ r sin θφ̂
∂
∂r

∂
∂θ

∂
∂φ

0 0 r sin θ µ0
4πr2

m sin θ

∣∣∣∣∣∣
=

1

r2 sin θ

[
r̂
(µ0m

4πr
2 sin θ cos θ

)
+ rθ̂

(
−µ0m sin2 θ

4π

(
−1

r2

))]
=

1

r2 sin θ

[µ0m

2πr
sin θ cos θr̂ +

µ0m

4πr
sin2 θθ̂

]
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=
µ0m

2πr3
cos θr̂ +

µ0m

4πr3
sin θθ̂

=
µ0

4πr3
2m cos θr̂ +

µ0

4πr3
m sin θθ̂

7. The magnetic vector potential for a uniformly charged rotating spher-
ical shell is

A = φ̂
µ0a

4σω

3

sin θ

r2
, r > a

(a =radius of spherical shell, σ =surface charge density and ω =angular
velocity)

Find the magnetic induction ~B = ∇× ~A Answer

∇× ~A

=
1

r2 sin θ

∣∣∣∣∣∣∣
r̂ rθ̂ r sin θφ̂
∂
∂r

∂
∂θ

∂
∂φ

0 0 r sin θµ0a
4σω
3

sin θ
r2

∣∣∣∣∣∣∣
=

1

r2 sin θ

[
r̂

(
µ0a

4σω

3r
2 sin θ cos θ

)
+ rθ̂

(
−µ0a

4σω

3
sin2 θ

(
−1

r2

))]
=

1

r2 sin θ

[
2µ0a

4σω

3r
sin θ cos θr̂ +

µ0a
4σω

3r
sin2 θθ̂

]
=

2µ0a
4σω

3r3
cos θr̂ +

µ0a
4σω

3r3
sin θθ̂

8. At large distances from its source, electric dipole radiation has fields,

~E = aE
sin θei(kr−ωt)

r
θ̂, ~B = aB

sin θei(kr−ωt)

r
φ̂

Show that Maxwell’s equations,

∇× ~E = −∂
~B

∂t
and ∇× ~B = ε0µ0

∂ ~E

∂t

are satisfied if we take

aE
aB

=
ω

k
= c = (ε0, µ0)

−1/2

13



Answer

∇× ~E =
1

r2 sin θ

∣∣∣∣∣∣∣
r̂ rθ̂ r sin θφ̂
∂
∂r

∂
∂θ

∂
∂φ

0 raE
sin θei(kr−ωt)

r
0

∣∣∣∣∣∣∣
=

1

r2 sin θ

[
r̂(0) + rθ̂(0) + r sin θφ̂(aE sin θei(kr−ωt)(ik))

]
=

1

r2 sin θ
aE sin2 θrei(kr−ωt)(ik)φ̂

= aE
sin θei(kr−ωt)

r
(ik)φ̂

= i(aEk)
sin θei(kr−ωt)

r
φ̂

= iaBω
sin θei(kr−ωt)

r
φ̂

∂ ~B

∂t
= −iaBω

sin θei(kr−ωt)

r
φ̂

Thus,

∇× ~E = −∂
~B

∂t

∇× ~B =
1

r2 sin θ

∣∣∣∣∣∣∣
r̂ rθ̂ r sin θφ̂
∂
∂r

∂
∂θ

∂
∂φ

0 0 r sin θaB
sin θei(kr−ωt)

r

∣∣∣∣∣∣∣
1

r2 sin θ

[
r̂
(
aBe

i(kr−ωt)2 sin θ cos θ
)

+ rθ̂
(
−aB sin2 θei(kr−ωt)(ik)

)]
=

1

r2 sin θ

[
aBe

i(kr−ωt)2 sin θ cos θr̂ − aB sin2 θrei(kr−ωt)(ik)θ̂
]

=
aBe

i(kr−ωt)2 cos θ

r2
r̂ − aB sin θei(kr−ωt)(ik)

r
θ̂

Since r is large, higher power can be neglected.

∇× ~B = −aB sin θei(kr−ωt)(ik)

r
θ̂
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But

aB =
aEk

ω

∇× ~B = −aEk
ω

sin θei(kr−ωt)(ik)

r
θ̂

k

ω
= (µ0ε0)

1/2

∇× ~B = −iaEk(µ0ε0)
1/2 sin θei(kr−ωt)

r
θ̂

Replacing k by ω(µ0ε0)
1/2

∇× ~B = −iaEω(µ0ε0)
sin θei(kr−ωt)

r
θ̂

∂ ~E

∂t
= −iaEω

sin θei(kr−ωt)

r
θ̂

Then

µ0ε0
∂ ~E

∂t
= −iaEω(µ0ε0)

sin θei(kr−ωt)

r
θ̂

∇× ~B = µ0ε0
∂ ~E

∂t

9. (a)Show that ~A = −φ̂ cot θ
r

is a solution of ∇× ~A = r̂
r2

(b) Show that this spherical polar co-ordinate solution agree with the
solution given below.

~A = x̂
yz

r(x2 + y2)
− ŷ xz

r(x2 + y2)

(c)Finally show that ~A = −θ̂φ sin θ
r

is a solution.
Answer

(a)

∇× ~A =
1

r2 sin θ

∣∣∣∣∣∣
r̂ rθ̂ r sin θφ̂

frac∂∂r ∂
∂θ

∂
∂φ

0 0 r sin θ− cot θ
r

∣∣∣∣∣∣
15



=
1

r2 sin θ

[
r̂(−(− sin θ)) + rθ̂(0) + r sin θφ̂(0)

]
=

1

r2 sin θ
sin θr̂ =

r̂

r2

(b)
~A = x̂

yz

r(x2 + y2)
− ŷ xz

r(x2 + y2)

= (r̂ sin θ cosφ+θ̂ cos θ cosφ−φ̂ sinφ)
r sin θ sinφr cos θ

r(r2(sin2 θ cos2 φ+ sin2 θ sin2 φ))
−

(r̂ sin θ sinφ+ θ̂ cos θ sinφ+ φ̂ cosφ)
r sin θ cosφr cos θ

r(r2(sin2 θ cos2 φ+ sin2 θ sin2 φ))

=
r̂(sin θ cos θ sinφ cosφ− sin θ cosφ sinφ cosφ)

r sin θ
+
θ̂(cos2 θ cosφ sinφ− cos2 θ sinφ cosφ)

r sin θ
−

φ̂(sin2 φ cos θ + cos2 φ cos θ)

r sin θ

=
−φ̂
r sin θ

cos θ = − φ̂
r

cot θ

(c)

∇× ~A =
1

r2 sin θ

∣∣∣∣∣∣
r̂ rθ̂ r sin θφ̂
∂
∂r

∂
∂θ

∂
∂φ

0 − rφ sin θ
r

0

∣∣∣∣∣∣
=

1

r2 sin θ

[
r̂(− sin θ)− rθ̂(0) + r sin θφ̂(0)

]
=
−r̂
r2

10. Show that

~L = −i(~r ×∇) = i

(
θ̂

1

sin θ

∂

∂φ
− φ̂ ∂

∂θ

)
(b) Resolving θ̂ and φ̂ into Cartesian components, determine Lx,Ly,Lz.
Answer

~L = ~r × ~p

~p = −i~∇
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~L = ~r ×−i~∇

= −i~~r ×∇

Let ~ = 1
~L = −i(~r ×∇)

∇ ≡ r̂
∂

∂r
+ θ̂

1

r

∂

∂θ
+ φ̂

1

r sin θ

∂

∂φ

~r ×∇ =
1

r2 sin θ

∣∣∣∣∣∣
r̂ rθ̂ r sin θφ̂
r 0 0
∂
∂r

r
r
∂
∂θ

r sin θ
r sin θ

∂
∂φ

∣∣∣∣∣∣
=

1

r2 sin θ

[
rθ̂

(
−r ∂

∂φ

)
+ r sin θφ̂

(
r
∂

∂θ

)]
=

1

r2 sin θ

[
−r2 ∂

∂φ
θ̂ + r2 sin θ

∂

∂θ
φ̂

]
= − 1

sin θ

∂

∂
θ̂ +

∂

∂θ
φ̂

~L = −i(~r ×∇) = i

(
1

sin θ

∂

∂φ
θ̂ − ∂

∂θ
φ̂

)
(b)

~L = i

(
1

sin θ

∂

∂φ
θ̂ − ∂

∂θ
φ̂

)
= i

(
1

sin θ
(x̂ cos θ cosφ+ ŷ cos θ sinφ− ẑ sin θ)

∂

∂φ
− (−x̂ sinφ+ ŷ cosφ)

∂

∂θ

)
= i

(
cos θ cosφ

sin θ

∂

∂φ
+ sinφ

∂

∂θ

)
x̂+i

(
cos θ sinφ

sin θ

∂

∂φ
− cosφ

∂

∂φ

)
ŷ−isin θ

sin θ

∂

∂φ
ẑ

= i

(
cos θ cosφ

sin θ

∂

∂φ
+ sinφ

∂

∂θ

)
x̂+i

(
cos θ sinφ

sin θ

∂

∂φ
− cosφ

∂

∂θ

)
ŷ−i ∂

∂φ
ẑ

Lx = i

(
cos θ cosφ

sin θ

∂

∂φ
+ sinφ

∂

∂θ

)
Ly = i

(
cos θ sinφ

sin θ

∂

∂φ
+ cosφ

∂

∂θ

)
Lz = −i ∂

∂φ

17



11. With ê1 a unit vector in the direction of increasing q1. Show that
(a)

∇.ê1 =
1

h1h2h3

∂

∂q1
(h2h3)

(b)

∇× ê1 =
1

h1

[
ê2

1

h3

∂h1
∂q3
− ê3

1

h2

∂h1
∂q2

]
Answer
We’ve

∇.~V =
1

h1h2h3

[
∂

∂q1
(V1h2h3) +

∂

∂q2
(V2h1h3) +

∂

∂q3
(V3h1h2)

]
~V = V1ê1 + V2ê2 + V3ê3

Here V1 = 1 , V2 = 0 , V3 = 0 then

~V = ê1

∇× ~V = ∇.ê1 =
1

h1h2h3

∂

∂q1
(h2h3)

∇× ê1 =
1

h1h2h3

∣∣∣∣∣∣
ê1h1 ê2h2 ê3h3
∂
∂q1

∂
∂q2

∂
∂q3

h1 0 0

∣∣∣∣∣∣
=

1

h1h2h3

[
h2ê2

∂h1
∂q3
− h3ê3

∂h1
∂q2

]
∇× ê1 =

1

h1

[
ê2

1

h3

∂h1
∂q3
− ê3

1

h2

∂h1
∂q2

]

12. With the quantum mechanical orbital angular momentum operator de-
fined as L = −i(r ×∇).Show that
(a)

Lx + iLy = eiφ
(
∂

∂θ
+ i cot θ

∂

∂φ

)

18



(b)

Lx − iLy = −e−iφ
(
∂

∂θ
− i cot θ

∂

∂φ

)
Answer
, We’ve

~L = i

(
1

sin θ

∂

∂φ
θ̂ − ∂

∂θ
φ̂

)
~L = i

(
1

sin θ

∂

∂φ
θ̂ − ∂

∂θ
φ̂

)
= i

(
1

sin θ
(x̂ cos θ cosφ+ ŷ cos θ sinφ− ẑ sin θ)

∂

∂φ
− (−x̂ sinφ+ ŷ cosφ)

∂

∂θ

)
= i

(
cos θ cosφ

sin θ

∂

∂φ
+ sinφ

∂

∂θ

)
x̂+i

(
cos θ sinφ

sin θ

∂

∂φ
− cosφ

∂

∂φ

)
ŷ−isin θ

sin θ

∂

∂φ
ẑ

= i

(
cos θ cosφ

sin θ

∂

∂φ
+ sinφ

∂

∂θ

)
x̂+i

(
cos θ sinφ

sin θ

∂

∂φ
− cosφ

∂

∂θ

)
ŷ−i ∂

∂φ
ẑ

Then

Lx+iLy = i

(
cos θ cosφ

sin θ

∂

∂φ
+ sinφ

∂

∂θ

)
+i2

(
cos θ sinφ

sin θ

∂

∂φ
− cosφ

∂

∂θ

)

= i

(
cos θ cosφ

sin θ
+ i

cos θ sinφ

sin θ

)
∂

∂φ
+ (i sinφ+ cosφ)

∂

∂θ

= i cot θ(cosφ+ sinφ)
∂

∂φ
+ (cosφ+ i sinφ)

∂

∂θ

= ieiφ cot θ
∂

∂φ
+ eiφ

∂

∂θ

= eiφ
(
∂

∂θ
+ i cot θ

∂

∂φ

)

Lx−iLy = i

(
cos θ cosφ

sin θ

∂

∂φ
+ sinφ

∂

∂θ

)
−i2

(
cos θ sinφ

sin θ

∂

∂φ
− cosφ

∂

∂θ

)
= i

∂

∂φ

(
cos θ cosφ

sin θ
− icos θ sinφ

sin θ

)
− ∂

∂θ
(− sinφ+ cosφ)

= i cot θ
∂

∂φ
e−iφ − ∂

∂θ
e−iφ
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= −e−iφ
(
∂

∂θ
− cot θ

∂

∂φ

)

13. A certain force field is given by

~F = r̂
2p cos θ

r3
+ θ̂

p

r3
sin θ , r ≥ p

2

Examine ∇× ~F to see if a potential exist. Answer

∇× ~F =
1

r2 sin θ

∣∣∣∣∣∣
r̂ rθ̂ r sin θφ̂
∂
∂r

∂
∂θ

∂
∂φ

2p cos θ
r3

r p
r3

sin θ 0

∣∣∣∣∣∣
=

1

r2 sin θ

[
r sin θφ̂

(
p sin θ

(
−2

r3

)
+

2p

r3
sin θ

)]
=

1

r

(
−2p sin θ

r3
+

2p sin θ

r3

)
= 0

14. For the flow of an incompressible viscous fluid the Navier stokes equa-
tions lead to

−∇× (~V ×∇× ~V ) =
n

ρ
∇2(∇× ~V )

Here n is the viscosity and ρ , the density of the fluid. For axial flow
in a cylindrical pipe we take the velocity ~V to be

~V = ẑV(ρ)

Find the non linear term ∇× (~V ×∇× ~V )
Answer

~V = V(ρ)ẑ

∇× ~V =

∣∣∣∣∣∣
ρ̂ ρφ̂ ẑ
∂
∂ρ

∂
∂y

∂
∂z

0 0 V(ρ)

∣∣∣∣∣∣
= ρφ̂

(
0− ∂

∂ρ
V(ρ)

)
= −ρ

∂V(ρ)
∂ρ

φ̂
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~V × (∇× ~V ) =

∣∣∣∣∣∣∣
ρ̂ ρφ̂ ẑ
0 0 V(ρ)

0 −ρ∂V(ρ)
∂ρ

0

∣∣∣∣∣∣∣
= ρ̂

(
ρV(ρ)

∂V(ρ)
∂ρ

)
= ρV(ρ)

∂V(ρ)
∂ρ

ρ̂

then

∇× (~V ×∇× ~V ) =

∣∣∣∣∣∣∣
ρ̂ ρφ̂ ẑ
∂
∂ρ

∂
∂φ

∂
∂z

ρV(ρ)
∂V(ρ)
∂ρ

0 0

∣∣∣∣∣∣∣
= 0

15. In Minkowiski space we define x1 = x , x2 = y , x3 = z , and x0 = ct.
This is done so that the space time interval ds2 = dx20 − dx21 − dx22 −
dx23(c =velocity of light). Show that the metric in Minkowiski space is

(gij) =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


x1 = x⇒ dx1 = dx

x2 = y ⇒ dx2 = dy

x3 = z ⇒ dx3 = dz

x0 = ct⇒ dx0 = c dt

Answer

Space time interval

ds2 = ds2 = dx20 − dx21 − dx22 − dx23

= c2dt2 − dx2 − dy2 − dz2
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Then 
dx20
dx21
dx22
dx23

 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1




c2dt2

dx2

dy2

dz2



⇒ gij =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1



16. Derive

∇ψ = ê1
∂ψ

h1dq1
+ ê2

∂ψ

h2dq2
+ ê3

∂ψ

h3dq3

by direct application of equation

∇ψ = lim∫
dτ→0

∫
ψdσ∫
dτ
−→ (1)

Answer

we’ve
dσij = dsidsj = hihjdqidqj

ie,
~dσ = ê1h2h3dq2dq3 + ê2h1h3dq1dq3 + ê3h1h2dq1dq2∫

σ = ê1h2h3dq2dq3+
∂

∂q1
(ê1h2h3dq2dq3)−ê1h2h3dq2dq3 (for first term)

For simplifying all three items∫
dσ =

∂

∂q1
(ê1h2h3dq2dq3) +

∂

∂q2
(ê2h1h3dq1dq3) +

∂

∂q3(ê3h1h2dq1dq2)∫
ψdσ = ê1h2h3dq1dq2dq3

∂ψ

∂q1
+ê2h1h3dq1dq2dq3

∂ψ

∂q2
+ê3h1h2dq1dq2dq3

∂ψ

∂q3
−→ (2)∫

τ = h1h2h3dq1dq2dq3 −→ (3)

substituting (2) and (3) in (1)

⇒
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∇ψ =
1

h1

∂ψ

∂q1
ê1 +

1

h2

∂ψ

∂q2
ê2 +

1

h3

∂ψ

∂q3
ê3
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